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ASYMPTOTICS OF EIGENVALUES FOR THE
LAPLACE EQUATION IN DOMAINS WITH SLOTS

I. M. Martynenko UDC 517.9:539.3

The asymptotic formula for the eigenvalues of the Laplace equation in three-dimensional domains bounded by
a finite number of closed and open nonintersecting Lyapunov surfaces with smooth boundaries has been de-
rived. This result is of importance in calculating stationary thermal conductivity in solid bodies in the pres-
ence of slots in them.

The eigenvalues of the Dirichlet problem for the Laplace equation have adequately been investigated in do-
mains bounded by smooth closed Lyapunov surfaces using the classical Green functions [1-3]. Below, we consider D
domains whose boundaries are the finite number of closed and open nonintersecting Lyapunov surfaces S = XU G,

where X is the finite number of closed surfaces, £ = U, k€ 0,K, and 6 = Ug,, n = 1, N. It is assumed that G,, are
k n

the two-sided surfaces bounded by smooth curves I',, and X; and o, are contained within Xy for n € ﬁ\’ and

k€ 1, K. We will call ¢, slots. For solution of the Dirichlet and Neumann problems in domains with slots, two-valued

potentials with branch lines T',, have been introduced in [4, 5]; the jump formulas has been derived and the solvability
of the fundamental boundary-value problems for a space with a cut (slot) nas been proved using them. It follows that

the classical Green function G,(P, Q) exists for a space with a slot G,; this function will be written in the following

manner: it is completely defined and continuous in the domain E3\ G, when P # Q and, as a function of the point P,

is the solution of the Laplace equation vanishing for P € G;,; when P = Q it has a point singularity of the form ﬁ,
i

R = |@| is the distance between the points P and Q. Therefore, GZ(P, Q) beyond ©,, is representable in the form

* 1 , 1
Gy (P, Q)= 8, (P. Q) =0, (P. Q)+, (P.O). W
Formula (1) yields, for determining g,(P, Q) and g,(P, Q), the equalities
1 , 2
& (P, Q== = &P =-0,F Q), Peo,,

where ®,(P, Q) is the Green function of a two-sheeted Riemannian space with a smooth branch line T',, [4]. Such
functions were introduced by Sommerfeld [6] using the following conditions: ®(P, Q) as a function of the point P is
completely defined and continuous in the Riemannian space except for the point Q at which it has a singularity of the

form ﬁ, R is the distance between the points P and Q, R = |PQ|, is regular at infinity, and completely satisfies
i

the Laplace equation in the Riemannian space except for the point Q and the branch line. Since G, is a two-sided
open surface, relations (2) are possible only when g,(P, Q) and g,(P, Q) are the two-valued functions with branch

lines T,. This yields the following representation of the harmonic function V,(P) in E3\ G,
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where n is a fixed normal to G,; V,(Q) and V,_(Q) represent the limiting V,(Q) values with the approximation
0 — 0, "from above" and "from below," i.e., in the direction of the positive and negative normals n
For the multiply connected domain D, we have the following formula:

aG (P Q) )

vP)= ZHw@) c%+zﬂu@ dsg -
S;

Here the integral with respect to G; is understood in the same way as that in formula (3), Gy is the classical Green
function for the domain Dy = E3 \ %4, G; is the Green function for the domain Ez \ 6;, and u; and u; are the unknown
densities to determine which we should use the boundary conditions

* 5
V Psymbolz, =fe P)» P EZs VPlgympol, =0 (P, PEoy. )
Expressions (4)—(5) yield the following system of integral Fredholm equations for determination of these densities:

aGk( ( 0)

u (P) + 2 g uy (Q) —5—— dsQ+2 Hu 22 dsg=f, (P). ©
k#l=0 Tk Si
<mlﬂu@%@®Q+Zﬂ ©° (Q%wwr

i#j=1 Si

The following theorem holds: every continuous harmonic function bounded in domain D and whose first de-
rivatives in the vicinity of the branch line T; act as O(1/R{"), 0< o<1 and R; is the distance from P to T}, is repre-
sentable uniquely in the form of the sum of harmonic functions in singly connected domains Dgy, Dy, ..., Dy, Ty, ...,
Ty, Ty = E3\ oy, k = 1, N. In unbounded domains D, ..., D,, and Ty, ..., Ty, the harmonic functions sought are regu-
lar at infinity, i.e., uniformly tend to 0 when |x| —> oo,

First we note that the Green formula for domain D yields the following representation:

n N
V=Y Vi@ +Y W), )
k=0 =1

where

0w (x, y)} yS )

V)= JI{w(xy)——vma‘”(x ”)dys W, (x) = ﬂ[w(x y)——W(y)
y

Here m(x, y) is the Green function of the Riemannian space whose branch lines are I' = Uﬁil I';. In the integral with
respect to X, we have a term of the regular part of the function w(x, y), which is identically equal to zero. The
uniqueness of the representation (7) is easily proved by reduction to absurdity. Indeed, assuming the existence of these
two representations in one harmonic function V(x), we obtain, for their difference, the following equality:

N
ZVk(x)+ZW W=0, V,@=V, @ -V, W,@=W @-W @), ©)
k=0 i=1
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whence

n N
Vo)== V@ -3 W; (). (10)
k=1

i=1

It follows from this formula that Vj(x) is a regular harmonic function throughout the Euclidean space Ej; therefore, it
is identically equal to zero. Quite analogously we prove that Vi(x) = 0 and Wi(x) = 0, k = 1,n and i = 1, N. The
existence of the solution of the initial Dirichlet problem follows from the Fredholm character of the system of equa-
tions (6).

We denote the Green function of the Dirichlet problem for the Laplace equation in domain D with boundary
S = XU o (its existence follows from the existence of the solution of the Dirichlet problem for the Laplace equation
in domains with slots) by G(P, Q). We assume that A = const > 0. Then the problem

Av—=-¢((P), PED, v|g=0 (11)

is equivalent to the following integral equation [2]:

ve) ==L [[[6 .0 v @ dyi+][[GP.0) 0@ dyr. (12)

D D

The integral equation (12) has a unique solution for the function @(P) continuously differentiable in domain D and
continuous up to boundary D.

We denote the Green function of the Dirichlet problem for the equation Av —Av = 0 in domain D by G1(P, Q, A).
Then we obtain

exp (— n r)

G] (Ps Q’ 7") = 4TU'

-\
%’fcr”)"’-gl (Ps Q9 7\') > 81 (P’ Q’ x)symbOlS=_

The solution of Eq. (11), which vanishes in 0 on S, can be represented in the following form:

vP) =[] G P.0. M) 9@ dgt.

D

By the ordinary method, it is proved that G{(P, Q, A) = G{(Q, P, M), G(P, Q) = G(Q, P), 0< G{(P, O, ) < exp (VA r)/
4mr), r= |PQ ,and P € D.

It follows from what has been stated above that the Green function G{(P, Q, A) is the resolvent of the inte-
gral equation (2). This leads to the following equality:

G (P,0.M=G P, -L[[[G(P.0) G, (@, 0. M dyr. (13)

D

Therefore, from the representation of the resolvent for a symmetric integral equation we have [2]

oo

v (P) v (Q) 14)
G (P,Q, M) =G (P, Q)_xz“#
k=1

M e +2)

Here A, and vi(P) are the eigenvalues and eigenfunctions of the kernel G(Q, P), i.e., the equations Av—Av = 0 in do-
main D with a boundary condition v/S. Therefore, we obtain
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oo

HJ G(P, Q)G (Q,0.Ndyt=7

D k=1

Vi (P) vi (Q) (15)
M g+ 0

We denote the coefficients of the Fourier series of the function GI(Q,, Q , A) in the functions vk(Q,) by hy:

=[] v @6, (@ 0.0 dr.
D

Since vk(Q,) is the solution of the equation Avi— Apv; = 0, we obtain

M= J[] & @G (@ 0. W dyr,
D

O+ 2 =[] GL(Q 0. ) (A (@) = A Q) dyt.
D

The last formula yields [2]

o 2
(%) (P)
hk:"k , Evkz Z,[_”Gz(P,Q)dQ,r,
?Lk+7h k=1 xk D
Ve (P)
%0 ) ,
glk(kkm)—J.IJ;J.G(P,Q)Gl(Q,P,K)dQ,r_

Integrating the last equality with respect to D, we arrive at the following (since j” v%(P)de = 1)

D
> =1l a9
N ———=||] v @ Vadr,
A (A + A
o Bt A
where
v n=[[]6@ 06 0PV, (17)
D
Since
-\
G, (P, k)=%mr)+gl (0,P,N), G (Q,P,N|s=0, r=|PQ]|,
we have, within D, the estimates
- - 18
0<G1(Q,P,7\,)<M, OZgl(P,Q,K)Z—M. (18)
47r 4mr
Analogous estimates are true of G(P, Q) and g(P, Q). It follows from them that
co 2T
exp (— VA 1 . 1
symbolw (P, }\-)symbolg J.J.J. p( ) r) dTQ < ) J.J.J.exp (— \/Tr) sin edrded(p = .
p. lomr T 000 4TC\/;

i
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Furthermore, VA y(P, \) —>4L is uniform in every closed subdomain D’ € D. Therefore, we obtain
T

lim Hj\/—w(P k)——, lim A Y ————= (19)

14
s oo s oo zkk(kk+k) 4

We use the following theorem [2]:
T heorem. If the series

- C
S(M:Zxk—ix’ where ¢, >0, A,>0, 0SA <A, <., A, >

converges for A>0 and

lim VA s(W)=H,

A—> +oo

. 1 2H 20
lim \/_Tzck=_’ ( )

L
A—> +oo =
in the last sum, summation extends to those k values for which A\ < A.

As applied to the series (19), we set ¢; = % and H = 4L and from equality (20) we have
k T

v @1)

lim L >
MW 9 M 2m

whence

> L:LZ\/THEOL)N/T,

}\'k 2n

where € -0 for A — < or for A = A,
Introducing the notation

we write

k=1
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and for the nondecreasing function

¢ W) =—5 VA +e WV,
2n

we obtain
xﬂ >\'n
Jodi=0,00-1)+0, M -2y +.. 45, (0 —xn)=ﬁxﬁ/2+je(x) V& dh. .
0 n 0

From the determination of &(A), we have

A
%js(x)\lﬂm—w at n—+oo.
7"n 0

Therefore, we obtain the following expression for n:

n="0"ve 0>,
6m
whence
3/2
6nn 3/2 (22)
7\.}1 = v Snn s

where €, » 0 for n — oo, v is the volume of domain D whose boundary contains smooth closed surfaces Sy, k = 0, N
and smooth open surfaces (slots 6,,, m = 1, M) bounded by smooth curves I,

Formula (22) was obtained earlier by Weyl [1] for domains bounded by smooth closed surfaces X, and it has
been established for the first time in the case of domains with slots.

NOTATION

P, point E3, x, its radius vector; Q, point E3, y, its radius vector; S, surface; s, S-surface element; v, volume
of domain D; A, eigenvalues of the Dirichlet problem.
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